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Abstract

A uni®ed framework of constructing phenomenological constitutive models for a broad class of elasto-plastic ma-

terials exhibiting either plastical incompressibility (e.g., grey cast iron) or plastical compressibility (e.g., metal foams) is

proposed. The constitutive framework also enables the di�erent yielding behaviours under tension and compression as

well as di�erential hardening along di�erent loading paths to be accounted for in a relatively simple manner. The re-

sulting plasticity model does not require the di�cult task of experimentally probing the initial yield surface and its

subsequent evolution; it is completely determined from a set of as few as two distinctive stress±strain curves measured

along the characteristic loading paths for isotropic materials. The predicted yielding behaviours for grey cast iron and

metal foams compare favourably with those measured. Ó 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Classical constitutive models of phenomenological plasticity rely heavily on yield functions to distinguish
plastic ¯ow from reversible elastic deformation (Hill, 1994). Since the early isotropic models of Tresca and
von Mises, there have been numerous attempts to construct empirical or conceptual yield functions suitable
for modelling the elasto-plastic behaviours of a wide range of metal and non-metal materials (Drucker,
1948; Hill, 1950; Drucker and Prager, 1952; Bassani, 1977; Barlat et al., 1991; Takeda, 1993; Kara®llis and
Boyce, 1993; Hjelm, 1994). Often, these models require adequate experimental data on the initial and
subsequent yield surfaces, which are not ordinarily available. Even when multiaxial tests are accessible, the
determination of the initial yield surface and its subsequent evolution proves to be tedious, sometimes also
ambiguous, for many materials of practical importance, due to the di�culty in distinguishing elastic de-
formation from plastic ¯ow. Although a variety of methods (e.g., the o�-set strain de®nition) have been
proposed to separate plastic yielding from elastic regime, the shape of the resulting yield surface is found to
be sensitive to the selected de®nition of yielding. Consequently, the yield surface is more or less determined
at will. A convenient way to construct the yield function and the associated constitutive model based on
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experimental information acquired from a few individual loading paths is thus desirable and perhaps more
pro®table.

Starting from the elastic complementary energy, two scalar measurements of stress and strain are in-
troduced in this paper for isotropic materials. These are then used to construct a macroscopic stress po-
tential which, together with the associated ¯ow rule, characterises the elasto-plastic response of a solid
material. Under loading, the model does not require that elastic deformation be separated from plastic
yielding, whereas linear elasticity is assumed for unloading. The unknown material parameters in the model
are determined by a set of characteristic multiaxial tests. Validation of the constitutive model is demon-
strated for a plastically incompressible material, grey cast iron, and a compressible material, metallic foam,
against available experimental measurements.

2. Theoretical framework

2.1. Characteristic stress and characteristic strain

Assume that the materials are initially isotropic and exhibit rate-independent response upon subsequent
loading. Thus, when expressed in the principal coordinate system (x1; x2; x3), HookÕs law of linear elasticity is
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where E and m are YoungÕs modulus and PoissonÕs ratio of the material, and ei and ri�i � 1; 2; 3� are the
principal strains and stresses, respectively. For convenience, Eq. (1) can also be expressed as

ei � oW
ori

; i � 1; 2; 3; �2�

where the elastic complementary energy, W, when separated into the distortional and volumetric parts, is
given by

W � 1
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Here, re and rm are the Mises e�ective stress and mean stress, respectively,
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whilst �E and b are material constants de®ned by

�E � 3E
2�1� m� ; b2 � 9�1ÿ 2m�

2�1� m� : �5�

From Eq. (3), a scalar measure of stresses, �r, can be introduced as

�r2 � r2
e � b2r2

m; �6�
which has a work conjugate, �e, given by

�e2 � e2
e �

e2
v

b2
; �7�
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where the e�ective strain ee and volumetric strain ev are separately the work conjugates of re and rm. In
terms of principal strains, these are

ee �
����������������������������������������������������������������������������
2

9
�e1 ÿ e2�2 � �e2 ÿ e3�2 � �e3 ÿ e1�2
h ir

;

ev � e1 � e2 � e3:

�8�

In the remainder of this paper, �r and �e are termed characteristic stress and characteristic strain, respectively.
It can be easily veri®ed that �r is related to �e by

�r � �E�e; �9�
where �E is the generalised YoungÕs modulus de®ned in Eq. (5). Under hydrostatic loading, uniaxial loading
or simple shear, the expressions for �r and �e reduce to
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where rh and eh are the mean stress and volumetric strain under hydrostatic loading, ru and eu are the
uniaxial stress and strain under uniaxial loading, and s are c are the shear stress and engineering shear
strain in simple shear. Deshpande and Fleck (1999) used a slightly di�erent de®nition of �r and �e to study the
yielding of metallic foams. In Deshpande and Fleck (1999), the characteristic strain is de®ned in terms of
plastic strain instead of the total strain as in Eq. (7); also, b is de®ned by using the plastic PoissonÕs ratio mp

instead of the elastic PoissonÕs ratio m as in Eq. (5). Since mp by de®nition is the absolute value of the ratio of
transverse to longitudinal plastic strain under uniaxial loading, it can vary with the plastic deformation ±
careful experiments need to be performed to measure its value.

The discussion hitherto has been limited to linear elasticity and it is shown that the macroscopic response
behaviours of an elastically deforming isotropic material subjected to arbitrary external loading are fully
characterised by characteristic stress �r, characteristic strain �e and generalised YoungÕs modulus �E. For a
plastically deforming material, it is proposed here that �r and �e are continuously used to characterise its
elasto-plastic response. As an illustration, Fig. 1 plots typical �r versus �e curves of the material under three
distinctive loading paths: a corresponds to the softest loading path, c is the hardest path, and b is an in-
termediate path. (For plastically incompressible materials such as grey cast iron, path c becomes the hy-
drostatic loading as represented by the broken line in Fig. 1.) The corresponding elastic limit points along
paths a, b and c are denoted by points 1, 2 and 3. In the elastic region, i.e., between points 0 and 1, the �r±�e
curves collapse into a single straight line with a slope, �E. If the variation of the �r±�e curves along di�erent
loading paths is also small in the plastic regime for the isotropic materials to be considered, there would be
no major di�culty in determining the initial yield surface and its subsequent evolution. Unfortunately, for
most engineering materials, both the elastic limit point and the post yielding behaviour di�er, often sig-
ni®cantly, when the loading path is changed. It then becomes much more di�cult to determine an adequate
initial yield surface, let alone its evolution. An alternative approach to avoid such di�culties is desirable
and is introduced below.
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2.2. Stress potential and constitutive law

Inspired by the modi®ed Mises yield function of Drucker and Prager (1952), the following ÔyieldÕ
function is proposed

U � �r2 � U1��e; rij� ÿ Y ��e� � 0; �13�
where rij is the stress tensor and U1��e; rij� and Y ��e� are the material parameters to be determined from
experiments. For isotropic materials, U1 is in general dependent upon the mean stress rm, the e�ective stress
re and the third deviatoric stress invariant J3. For simplicity, it is assumed here that the e�ects of re and J3

on U1 are negligible. Thence,

U1 � U1��e; rm�: �14�
Further, once U1 and Y are determined, it is assumed that Eq. (13) can be used in conjunction with the
associated ¯ow rule to give the total strain rate as

_eij � _k
oU
rij

; �15�

where the proportionality factor _k is determined from the consistence condition of plasticity as

_U � oU
orij

_rij � oU
o�e

_�e � 0: �16�

Note that, in classical plasticity, the total strain rate eij in Eq. (15) is replaced by the plastic strain rate ep
ij,

so that U is a plastic ¯ow potential. The reason of adopting the total strain rate in Eq. (15) is that, in doing
so, elastic deformation can also be modelled by Eqs. (13) and (15). In fact, as �r � �E�e in the elastic regime, it
follows from Eq. (13) that U1 � 0 and Y ��e� � �E2�e2. As a result, Eq. (13) together with Eqs. (15) and (16)
reproduce the linear elastic constitutive law. Consequently, in the present framework, it is assumed that
there is no need to distinguish elastic deformation from plastic deformation in Eqs. (13) and (15) ± the
daunting task of determining the initial yield surface and its evolution is therefore avoided. Although Eq.
(13) appears to resemble the modi®ed Mises yield function, there exists a notable di�erence between the two
models. Strictly speaking, U in Eq. (13) di�ers from the conventional yield function. In the present model,

Fig. 1. Stress versus strain curves along typical loading paths in the �r±�e space. For incompressible solids, hydrostatic loading is

represented by the broken line with slope �E.
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the Mises e�ective stress is replaced by the characteristic stress �r, and the e�ective plastic strain is replaced
by the characteristic strain �e; both elastic and plastic deformations can be described by Eqs. (13) and (15).
Therefore, even though two fundamental elements of classical plasticity, namely, the associated ¯ow rule
and the consistence condition, are applied to construct the constitutive law from Eq. (13), U will be termed
a stress potential instead of yield function in the following sections. Finally, and importantly, if elastic
deformation is negligibly small compared to plastic deformation, i.e., ep

ij � eij, Eqs. (15) and (16) reduce to
those in classical plasticity.

2.3. Application to Mises materials

Before validating the proposed constitutive law with practical materials, an interesting model material,
namely, the Mises material, is ®rst examined. Here, Mises materials refer to a class of materials, the yielding
of which is dictated by the Mises criterion. It will be shown that the ever popular Mises model for plastically
incompressible materials can be well approximated by the present model, where no constraint on plastical
incompressibility is imposed. Since there is no di�erence between tensile and compressive behaviour for
Mises materials, it is assumed here that

U1 � A��e�r2
m: �17�

The stress potential Eq. (13) then becomes

U � �r2 � A��e�r2
m ÿ Y ��e� � 0; �18�

where A��e� and Y ��e� are two material parameters. Theoretically, stress versus strain curves along any two
distinctive loading paths can be used to evaluate A��e� and Y ��e�. In order to increase the predicative power of
the constitutive model, however, it is suggested to follow characteristic loading paths (e.g., hydrostatic
loading together with simple shear or uniaxial stressing). Hydrostatic and simple shear stress±strain curves
are used below.

Consider the Ramberg±Osgood model for a Mises material,

Eeij

r0

� �1� m� sij

r0

� �1ÿ 2m� rm

r0

dij � 3a
2

re

r0

� �nÿ1 sij

r0

; �19�

where eij is the strain tensor, dij is the Kronecker delta, sij � rij ÿ dijrm is the deviatoric stress tensor, r0 is a
reference yield stress, and a and n are material constants. Under simple shear, Eq. (19) simpli®es to

Ee12
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� �1� m� r12

r0

�
���
3
p

a
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���
3
p

r12

r0

 !n

: �20�

With c � 2e12, s � r12 and the characteristic stress and strain given by Eq. (12), Eq. (20) can be rewritten as

�E�e
r0

� �rs

r0

� 3a
2�1� m�

�rs

r0

 !n

; �21�

where the subscript ÔsÕ is used to denote simple shear. On the contrary, the hydrostatic behaviour of a
plastically incompressible Mises material is governed by linear elasticity, i.e.,

rh � jeh; �22�
where j � �E=b2 is the bulk modulus and the subscript ÔhÕ denotes hydrostatic loading. In view of Eq. (10),
this can be rearranged as

�rh � �E�e; �23�
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which corresponds to the broken line in Fig. 1. Finally, the two material parameters Y ��e� and A��e� in Eq.
(18), when determined from the simple shear and hydrostatic stress±strain curves, have the form

Y ��e� � �r2
s ; A��e� � b2 �r2

s ÿ �r2
h

�r2
h

; �24�

where �rh is related to �e through Eq. (23) and the dependence of �rs on �e is determined by solving the non-
linear equation (21). Therefore, the highly non-linear behaviour represented by Eq. (21) is implicitly in-
corporated into the present model through A��e� and Y ��e� in Eq. (24).

The stress potential (18) is now complete; together with Eqs. (15) and (16), it characterises the elasto-
plastic behaviours of a Mises material governed by the Ramberg±Osgood model. In general, numerical
procedures are needed to integrate Eq. (15) to obtain the stress±strain curves along various deformation
paths. As an illustration, consider the following proportional axisymmetric loading path:

r11 � r22 � r; r33 � xr; r12 � r23 � r31 � 0 �x P 1�; �25�
where r and x are constants, with x!1 representing uniaxial stressing. For this particular loading path,
the �r±�e curve can be obtained in closed form as

�r � �rs

������������������������������������������������������������������
1� b2 ��r2

s ÿ �r2
h��2� x�2

�r2
h�9�1ÿ x�2 � b2�2� x�2�

s,
�26�

for the present model and

�E�e
r0

�
�����������������������������������������������������������������������������������������������������������������
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3�xÿ 1�n
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2�1� m� �2� x�R
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s

; �27�

R � �r=r0�������������������������������������
�xÿ 1�2 � b2 �2�x�2

9

q
for the Ramberg±Osgood model. Notice that, as only the simple shear and the hydrostatic loading be-
haviours given by the Ramberg±Osgood model are used to characterise the present model in Eq. (26), it is
not surprising that both models, i.e., Eqs. (26) and (27), would yield identical predictions under simple
shear and hydrostatic loading (shown as solid lines in Fig. 2). In order to further verify the present model,
comparisons between the predictions by the present model and by the Ramberg±Osgood model along other
loading paths are made. Only the stress±strain curves along the three selected loading paths (i.e., x � 2; 4;1
in Eq. (25)) are presented, as results along other loading paths exhibit similar trends. It should be noted that
x � 1 represents the uniaxial loading path. The �r versus �e curves predicted from Eq. (26) are compared
with those calculated directly from the Ramberg±Osgood model (i.e., Eq. (27)) in Fig. 2a for the case of
strong hardening (n � 2) and in Fig. 2b for the case of weak hardening (n � 10). Other material constants
used in the plotting are m � 0:3 and a � 3=7. In Fig. 2, symbols denote results from the Ramberg±Osgood
model, whereas the various dotted and dashed lines refer to those obtained from the present model. Close
agreement between the present model and the Ramberg±Osgood model is obtained, especially at large
strain levels. When the strains are large, �rh � �rs and A��e� ! ÿb2 according to Eq. (24), and hence the stress
potential (18) approaches the limit:

U � r2
e ÿ Y ��e� � 0: �28�

Also, at high strain levels, the elastic deformation is usually negligible so that the elastic PoissonÕs ratio m
may be replaced by the plastic PoissonÕs ratio mp. As mp � 1=2 for Mises materials, it follows that �r! re
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and �e! ee. Thus, at high strain levels, Mises materials can be well described by the proposed constitutive
model.

3. Validation of model

Although there exist ample experimental data on the yielding of engineering materials (see, for example,
the review article of Hecker, 1975), most were reported in terms of the initial yield surface and its evolution.
Few of them are presented using stress±strain curves along di�erent loading paths to allow for the cali-
bration of the stress potential (13) and validation of the resulting constitutive model. Fortunately, careful
experimental and theoretical studies have been conducted by Hjelm (1994) for a plastically incompressible
material, grey cast iron, and by Deshpande and Fleck (1999) for one type of plastically compressible

Fig. 2. Comparison of �r±�e curves predicted by the present model and the Ramberg±Osgood model for Mises materials subjected to

various proportional loading paths: (a) a � 3=7; m � 0:3; n � 2; (b) a � 3=7; m � 0:3; n � 10.
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materials, metal foams. The experimental data provided are su�cient to characterise and validate the
proposed constitutive model, as demonstrated below.

3.1. Grey cast iron

The yielding of grey cast iron is complicated due to the graphite ¯akes distributed in the steel matrix
(Co�n, 1950; Hjelm, 1994). In tension, grey cast iron exhibits brittle behaviour and yields according to the
maximum principal stress criterion which is attributed to the stress concentrations caused by the graphite
¯akes; its volume increases as a result of the graphite ¯akes being opened up. In compression, the mac-
roscopic yield response of grey cast iron is dominated by the steel matrix, hence governed by the Mises
criterion, with a yield limit three or more times higher than that in tension; also, strain hardening under
compression is much stronger than that under tension. Hjelm (1994) proposed a composite yield surface to
describe the di�erent yield behaviours in tension and compression, with tensile yielding governed by the
maximum principal stress and compressive yielding by the Mises e�ective stress. Non-associated ¯ow rule is
suggested by Hjelm (1994) to avoid the corners on the yield surface in the tensile region, with the ¯ow
potential consisting of the Mises cylinder in compression and the Rankine cube in tension when plotted in
the principal stress plane. A di�erential hardening model is proposed to characterise the hardening be-
haviour, with the assumption that the graphite ¯akes do not in¯uence hardening in compression and that
tensile hardening is controlled separately by the volumetric plastic strain (corresponding to the opening up
of the graphite ¯akes) and the deviatoric volumetric plastic strain (corresponding to inelastic shearing of the
matrix). This rather complicated constitutive model has been implemented into the ®nite element code
ABAQUS where it is termed the cast iron model. Hjelm (1994) compared the model predictions to those
measured from biaxial tests using thin cruciform specimens. A set of 10 stress±strain curves are measured
along the compression±compression, tension±tension, compression±tension and tension±compression bi-
axial loading paths; a reasonable agreement between theory and experiment is obtained.

Because the out of plane behaviours of grey cast iron are not reported by Hjelm (1994), only its in-plane
behaviours will be studied below to validate the present model. A plane stress assumption could be made to
investigate the in-plane behaviour. However, in the present paper, due to the lack of test data on the out of
plane deformation in either plane stress or plane strain for grey cast iron, a two-dimensional version of the
three-dimensional constitutive model proposed in Section 2 is employed, where only the in-plane behaviour
of grey cast iron is accounted for. Such a two-dimensional constitutive model has been found to be useful in
studying the elasto-plastic yielding of some two-dimensional model materials, e.g., honeycombs and 2D
cellular materials (cf. Warren and Kraynik, 1987; Chen et al., 1999). A two-dimensional version of the full
three-dimensional model can be developed by following the same procedures leading to Eqs. (2)±(12),
except that HookÕs law of Eq. (1) should be replaced by

e1

e2

� �
� 1

E
1 ÿm
ÿm m

� �
r1

r2

� �
: �29�

Accordingly, only a few changes need to be made. Speci®cally, re and rm in Eq. (4), �E and b in Eq. (5), and
ee and ev in Eq. (8) now read

re � r1j ÿ r2j; rm � r1 � r2

2
; �30�

�E � 2E
1� m

; b2 � 4�1ÿ m�
1� m

; �31�

ee � e1 ÿ e2j j
2

; ev � e1 � e2: �32�
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Also, Eq. (11) for uniaxial loading is changed to

�r � 1

2

�������������
4� b2

q
ruj j; �e � 2eu�������������

4� b2

q : �33�

Notice that re and rm given by Eq. (30) are two stress invariants in the r1±r2 space, which are di�erent from
the von Mises e�ective stress and mean stress under the condition of plane stress. Also, note that the two-
dimensional de®nitions of Eqs. (29)±(32) for grey cast iron should not be employed to study the metallic
foams considered in the Section 3.2, where the three-dimensional model is more appropriate.

To model the di�erential deformation behaviours of cast iron in tension and in compression, the stress
potential of Eq. (13) is taken as

U � �r2 � B��e�rm ÿ Y ��e� � 0; �34�
where the material properties B��e� and Y ��e� are to be determined by two characteristic tests. Amongst the
10 multiaxial loading tests conducted by Hjelm (1994), stress versus strain curves along ®ve di�erent
loading paths are presented which can be used to calibrate the stress potential (34). Typical characteristic
tests are uniaxial tension and equibiaxial tension together with uniaxial compression and equibiaxial
compression, although Hjelm (1994) only reported the stress±strain curves under uniaxial tension and
equibiaxial tension. Because the reported strain level of the equibiaxial tension test (r1=r2 � 1) is too small
(about 0.14%), it is not taken as a characteristic test. Instead, uniaxial tension together with a nearly
equibiaxial compression test (r1=r2 � 3=2), of which Hjelm (1994) reported the only available stress±strain
curve in the compression±compression quadrant, are used to determine B��e� and Y ��e�. The corresponding
�r±�e curves for the two characteristic tests are shown in Fig. 3. Since E � 126 GPa and m � 0:265 for cast
iron, it follows from Eq. (31) that �E � 199:2 GPa and b � 1:525. In Fig. 3, symbols denote the experimental
data extracted from Hjelm (1994) whereas solid lines represent the ®tted results, given by

�rcc � 199:2�e� 6:678�e2 ÿ 4:740�e3

�rut � 199:2�eÿ 24:20�e2 ÿ 2:628�e3 �0 < �e < 0:3%�; �35�

where the units for the characteristic stress and strain are MPa and microstrain, respectively, and the
subscripts ÔccÕ and ÔutÕ refer to compression±compression and uniaxial tension, respectively. Finally, the two

Fig. 3. Characteristic �r±�e curves for characterising the constitutive model of grey cast iron.
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material properties in Eq. (34) are determined from the characteristic stress±strain curves subjected to
uniaxial tension and compression±compression loading as

B��e� � ÿ �r2
ut ÿ �r2

cc

�rut

�������������
4� b2

q�
� �rcc

��������������������
4=25� b2

q� ;

Y ��e� � �rut �rcc

�rut

��������������������
4=25� b2

q�
� �rcc

�������������
4� b2

q�
�rut

�������������
4� b2

q�
� �rcc

��������������������
4=25� b2

q� :

�36�

The stress potential (34) can now be used in conjunction with the associated ¯ow rule (15) to predict the
deformation behaviour along arbitrary monotonic loading paths. Contours of the stress potential are
plotted in Fig. 4 in the r1±r2 space for selected levels of the characteristic strain �e. At low strain levels (i.e.,
�e < 0:08%), the stress potential expands in a self-similar manner and is governed by elastic deformation.
Upon further straining into the plastic regime, it gradually translates from the origin towards the com-
pression±compression quadrant, as there is stronger hardening in compression than that in tension. The
predicted stress±strain curves along ®ve di�erent monotonic loading paths are presented in Fig. 5 as solid
lines and compared with those measured by Hjelm (1994). (Because linear elasticity is assumed for un-
loading in the present model, the unloading stress±strain curves are not included in Fig. 5.) In all cases, the
model predictions compare favourably with experimental measurements. Since uniaxial tension and
compression±compression results have been used to calibrate the model, the close agreement between
prediction and test data is therefore expected (Fig. 5a and b). However, the close agreement observed along
three other biaxial loading tests, i.e., r1=r2 � 1 (Fig. 5c), r1=r2 � ÿ2 (Fig. 5d) and r1=r2 � ÿ1=2 (Fig. 5e),
serve to validate the present constitutive model.

According to Hjelm (1994), a Mises yield function together with an associated ¯ow rule yields quite
satisfactory predictions for cast iron under compression; in tension, however, a modi®ed Mises model is

Fig. 4. Stress potential contours at selected characteristic strain levels for grey cast iron.

7778 C. Chen, T.J. Lu / International Journal of Solids and Structures 37 (2000) 7769±7786



Fig. 5. Comparison between predicted and experimentally measured stress versus strain curves of grey cast iron along various pro-

portional loading paths: (a) uniaxial tension, (b) compression±compression (r1=r2 � 3=2), (c) equibiaxial tension (r1=r2 � 1), (d)

tension±compression (r1=r2 � ÿ2), (e) compression±tension (r1=r2 � ÿ1=2).
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needed to account for the volumetric changes due to the opening up of graphite ¯akes. The resulting yield
function is

U� �
1
3
q2 � p�rC ÿ rT� ÿ 1

3
rCrT; p > ÿrC;

1
3

q2 ÿ r2
C

ÿ �
; p6 ÿ rC;

�
�37�

where q is the von Mises e�ective stress, p is the mean stress, and rT and rC are the yield limits in uniaxial
tension and uniaxial compression, respectively. It should be noted that neither the Mises model nor the
modi®ed one is capable of modelling, the yielding behaviours of cast iron under both tensile and com-
pressive loadings: the Mises model overestimates the tensile behaviour, whereas the modi®ed Mises model
overestimates the compressive response. The predicted stress±strain curve by using HjelmÕs model for the
speci®c loading path r1=r2 � ÿ1=2 is shown in Fig. 5e as dotted lines. It is seen that the simple stress
potential (34) yields more accurate predictions than those from Eq. (37) when compared with experimental
measurements. More importantly, the di�erential yielding behaviours of cast iron in tension and com-
pression can be modelled su�ciently accurately by the present model using a single stress potential.

It is seen from Fig. 3 that, along the nearly equibiaxial compression loading path, the characteristic stress
varies almost linearly with the characteristic strain. As discussed earlier, this is attributed to the fact that
grey cast iron is nearly plastically incompressible. Consequently, we can assume that grey cast iron under
equal biaxial compression is plastically incompressible, which can be mathematically expressed as �rhc � �E�e,
where subscript ÔhcÕ denotes the characteristic stress under equibiaxial compression. Due to the incom-
pressibility assumption, only one additional test is needed to evaluate the material parameters B��e� and Y ��e�
in the stress potential (34). Here, the simplest uniaxial tension test is taken as the additional test. The re-
sulting B��e� and Y ��e� now have the form of

B��e� � ÿ �r2
ut ÿ �r2

hc

�rut

�������������
4� b2

q�
� �rhc=b

;

Y ��e� � �rut �rhc

�rut=b� �rhc

�������������
4� b2

q�
�rut

�������������
4� b2

q�
� �rhc=b

:

�38�

The predicted stress±strain curves from Eqs. (15), (34) and (38) are included in Fig. 5 as dashed lines and are
labelled Ômodel IIÕ, as opposed to those from Ômodel IÕ based on the calibrations of Eq. (36). Except at
relatively large strains in the nearly equal biaxial compression test (r1=r2 � 3=2, Fig. 5b), the simpli®ed
model is seen to work fairly well. The slight deviation of the stress±strain curve from linearity in Fig. 5b
indicates that plastic incompressibility is perhaps not a good assumption for grey cast iron at small strain
levels. However, at relatively large strains, the graphite ¯akes may be crushed and hence may become
incompressible.

3.2. Metallic foams

Low-density cellular metals (foams) are a new class of engineering materials with promising mechanical,
thermal, electrical and acoustical properties. Their elastic and plastic properties have been studied exten-
sively (Gibson and Ashby, 1997; Ashby et al., 1998). In general, the yielding of a foam material is strongly
pressure sensitive, and is di�erent in tension and compression. Due to the lack of detailed experimental data
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in multiaxial tension and the fact that foams are usually applied as compression structures, the focus below
will be directed on compression.

Using a mechanism-based micromechanics model for open-celled rigid polymeric foams, Gibson et al.
(1989) derived a yield surface

re

rs

� �kqÿ3=2 1

"
ÿ 3rm

rsq

� �2
#
; �39�

where rs is the yield strength of the cell wall material, k is a material constant to be evaluated by uniaxial
loading, and q is the relative density of the foam. Note that this yield surface may be truncated by elastic
buckling in compression and by brittle fracture in tension, depending upon the stress state and the mi-
crostructures of the foam. Due to the complicated failure mechanisms associated with the irregular and
imperfection-prone microstructures commonly found in foams, it is di�cult to derive user-friendly yield
functions from micromechanics study. A phenomenological approach has therefore been widely applied to
formulate the constitutive model for both polymeric and metallic foams. The analytical results of Gibson
et al. (1989) are ®tted by Puso and Govindjee (1995) with a single elliptical yield surface given, in the re±rm

space, by

r2
e �

1

R
r2

m ÿ h2 � 0; �40�

where R and h are material parameters. This model is extended by Zhang et al. (1997) to study the yielding
of polymeric foams, with an added parameter to de®ne the centre of the yield locus,

rm ÿ X0�evp�
� �2

a�evp� � r2
e

b�evp� 6 1; �41�

where evp is the plastic volumetric strain, and X0�evp�, a�evp�, b�evp� are the material parameters to be de-
termined from uniaxial compression, simple shear, and hydrostatic compression tests. For polymeric foams
having a zero plastic PoissonÕs ratio (i.e., mp � 0), a non-associated ¯ow potential, U� � r2

e � �9=2�r2
m, has

been assumed.
Compared with rigid polymeric foams, the yielding of metal foams is complicated by the presence of

various types of morphology imperfections (Chen et al., 1999). Although Eq. (39) suggests that the hy-
drostatic yield strength of a perfect foam is governed by cell-wall stretching and that its uniaxial strength is
dominated by cell-wall bending, Chen et al. (1999) found that a small degree of imperfections such as cell-
wall waviness and misalignment su�ces to induce cell-wall bending under all macroscopic stress states,
reducing the hydrostatic strength to the same level as the uniaxial strength. Combining the yield function
(39) for rigid foams and the modi®ed Mises model of Drucker and Prager (1952) for soil, Miller (2000)
developed a phenomenological plastic model with three adjustable parameters to account for the di�erent
yield limits of metal foams in tension and compression and the nearly circular yield surface in the re±rm

space. Based upon the elliptical yield function (40), Deshpande and Fleck (1999) proposed two phenom-
enological constitutive models for metallic foams: the self-similar model and the di�erential hardening
model. In the ®rst model, the aspect ratio R of the ellipse is a material constant, whereas h depends not only
upon the accumulated plastic strain but also upon the stress state and is characterised by the uniaxial and
hydrostatic compression stress versus strain curves. The more complicated di�erential hardening model is
developed to capture the experimentally observed evolution of shape of yield surface in metallic foams.
Here, both R and h are assumed to be strain and stress states dependent, requiring four material parameters
to characterise hardening. Although an improved accuracy is obtained by using the di�erential hardening
model, detailed test data on the initial yield surface and its evolution must be provided to determine the
four material parameters.
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As was mentioned before, the present focus is placed on the constitutive modelling of the compressive
behaviour of cellular metal foams. Thus, it is assumed that U1 � C��e�r2

m in Eq. (13) such that

U � �r2 � C��e�r2
m ÿ Y ��e� � 0 �42�

is the new stress potential for cellular foams, where C��e� and Y ��e� are material properties to be evaluated by
two characteristic tests. In this study, uniaxial and hydrostatic compression tests will be used. Most ex-
perimental investigations on metal foams are conducted under uniaxial loading (e.g., Thornton and Magee,
1975; Gibson and Ashby, 1997; Sugimura et al., 1997; Andrews et al., 1999; McCullough et al., 1999).
Multiaxial tests are performed by Trianta®llou et al. (1989) on open cell metallic foams, and by Gioux et al.
(1999) and Deshpande and Fleck (1999) on open and closed metallic foams. The results of Trianta®llou
et al. (1989) and Gioux et al. (1999) are reported in terms of yield limits (yield surfaces) ± no stress versus
strain curves are given ± and hence cannot be used to calibrate the stress potential (42). Stress versus strain
curves under several di�erent proportional loading paths are reported in detail by Deshpande and Fleck
(1999) for a high density closed cell aluminium foam (Alporas foam from Shinko Wire Company, Japan)
and for a low-density open cell aluminium foam (Duocel foam from ERG Company, USA), which are
su�cient to characterise and validate the present model.

Deshpande and Fleck (1999) measured the stress versus strain curves for both Alporas foam (relative
density q � 0:16) and Duocel foam (q � 0:07) under either uniaxial or hydrostatic compression loading,
respectively. The resulting hydrostatic and uniaxial characteristic stress �r versus characteristic strain �e
curves for the Alporas and Duocel foams are shown in Fig. 6, which are calculated by substituting the
Deshpande±Fleck results into Eqs. (10) and (11). The subscripts ÔhcÕ and ÔucÕ are used in Fig. 6 to denote
hydrostatic and uniaxial compression, respectively. It is noticed that the experimental results of Deshpande
and Fleck (1999) are presented in terms of stress versus plastic strain. The elastic strain is therefore assumed
to be negligibly small in the present model so that the total strain eij equals the plastic strain ep

ij. Further,
PoissonÕs ratio m is taken to be 0.23 for the Alporas foam and 0.15 for the Duocel foam, corresponding to
the plastic PoissonÕs ratio mp at the lowest plastic strain level (�0.04) reported in Deshpande and Fleck
(1999). The two material parameters C��e� and Y ��e� in Eq. (42) for the metallic foams, determined from the
hydrostatic and uniaxial characteristic stress �r versus characteristic strain �e curves shown in Fig. 6, are

Fig. 6. Characteristic �r±�e curves for characterising constitutive models for Alporas foam (q � 0:16) and Duocel foam (q � 0:07) under

uniaxial and hydrostatic compression.
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C��e� � �r2
hc ÿ �r2

uc

�r2
uc=�9� b2� ÿ �r2

hc=b
2
;

Y ��e� � �r2
hc �r2

uc

1=�9� b2� ÿ 1=b2

�r2
uc=�9� b2� ÿ �r2

hc=b
2
:

�43�

Together with the associated ¯ow rule (15) and consistence condition (16), the stress potential (42) can now
be used to study the constitutive behaviour of both Alporas and Duocel foams.

Contours of the stress potential between the loading paths of uniaxial and hydrostatic compression for
selected values of �e are shown in Fig. 7a for Alporas and in Fig. 7b for Duocel. Under uniaxial and hy-
drostatic compression, it has been established that the model reproduces, as expected from Eq. (43), the
measured stress±strain curves for both Alporas and Duocel. To properly validate the constitutive model,
tests other than uniaxial and hydrostatic compression are needed. The axisymmetric proportional loading

Fig. 7. Stress potential contours at selected characteristic strain levels for (a) Alporas foam, (b) Duocel foam.
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path (i.e., Eq. (25) with r < 0), which is the same path used by Deshpande and Fleck (1999) in their ex-
periments, is selected. Following Deshpande and Fleck (1999), the stress ratio

g � ÿ rm

re

�44�

is introduced to de®ne the direction of loading in the re±rm space, with g � 1=3 standing for uniaxial
compression and g!1 for hydrostatic compression. For the particular loading path of g � 3, the stress
versus strain curves predicted separately from the present model, the self-similar model and di�erential
hardening model of Deshpande and Fleck (1999) are plotted in Fig. 8 together with those measured for
Alporas and Duocel foams. In Fig. 8, the e�ective stress has been normalised by the uniaxial yield strength
r0 � 1:73 MPa for the Alporas foam and r0 � 0:5 MPa for the Duocel foam. The present model with only
two material parameters is seen to give equally accurate predictions as those from the more sophisticated
di�erential hardening model with four adjustable parameters. It appears that the self-similar model
somewhat overestimates the hardening behaviour, especially at large strain levels.

4. Concluding remarks

A simple framework of developing phenomenological constitutive models of elastoplasticity for both
plastically incompressible and compressible materials is presented. A stress potential based on characteristic
stress and total strain is proposed, which di�ers from the conventional yield function as no attempt is made
to separate elastic strains from plastic deformations. The stress potential and the associated constitutive
model are characterised by a set of multiaxial tests; no information about the initial yield surface and its
evolution is required. In the limiting case, the three-dimensional constitutive model reduces to the classical
Mises model. A two-dimensional version of the constitutive model has also been formulated. The predicted
constitutive behaviours compare well against the experimental measurements for grey cast iron and two
types of metallic foam, the former plastically incompressible and the latter compressible. Because the

Fig. 8. Comparison between predicted and measured stress versus strain curves for Alporas and Duocel metal foams under axisym-

metric proportional loading with g � 3.
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stress±strain curves along di�erent loading paths can be predicted fairly accurately by the proposed model,
the initial yield surface and its subsequent evolution, if needed, can be easily constructed once the de®nition
of yielding is speci®ed.

The aim of this paper is to introduce, based on the elastic complementary energy, a pair of characteristic
stress and strain suitable for capturing the elasto-plastic behaviour of solid materials, applications of the
theory have focused on isotropic materials subjected to proportional loading. More complicated loading
paths (e.g., non-proportional loading) require further investigation. Extending the model to cover topics
such as material anisotropy and rate dependent deformation is also of interest in future work.
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